The dynamical mean-field theory (DMFT) combined with the fluctuation exchange (FLEX) method, namely FLEX+DMFT, is an approach for correlated electron systems to incorporate both local and nonlocal long-range correlations in a self-consistent manner. We formulate FLEX+DMFT in a systematic way starting from a Luttinger-Ward functional, and apply it to study the d-wave superconductivity in the two-dimensional repulsive Hubbard model. The critical temperature (Tc) curve obtained in the FLEX+DMFT exhibits a dome structure as a function of the filling, which has not been clearly observed in the FLEX approach alone. We trace back the origin of the dome to the local vertex correction from DMFT that renders a filling dependence in the FLEX self-energy. We compare the results with those of GW+DMFT, where the Tc-dome structure is qualitatively reproduced due to the same vertex correction effect, but a crucial difference from FLEX+DMFT is that Tc is always estimated below the Néel temperature in GW+DMFT. The single-particle spectral function obtained with FLEX+DMFT exhibits a double-peak structure as a precursor of the Hubbard bands at temperatures above Tc.
I. INTRODUCTION
Despite a long history of physics of the high-T c cuprate, 1, 2 we are still some way from a full understanding of the superconductivity. There is a general consensus that the supercurrent flows on each Cu-O plane, which can be modeled by the repulsive Hubbard model on the square lattice. There are actually two essential factors here: the repulsive Hubbard interaction can give rise to a pairing interaction in the d-wave channel mediated by antiferromagnetic spin fluctuations, 3 while the very same interaction also introduces Mott's metalinsulator transition 4 that hinders the superconductivity around half-filling for strong enough interactions. Capturing these two features simultaneously still remains a theoretically challenging task. As numerical methods for treating the strongly correlated electron systems, there are the exact diagonalization and quantum Monte Carlo (QMC) methods 5 that are exact within numerical errors, but the former can only deal with limited system sizes, while the latter suffers from the sign problem.
However, we do have theoretical methods that can deal with each of the d-wave pairing and Mott's transition separately: Namely, we have on one hand the fluctuationexchange (FLEX) approximation, 6 one of the perturbative methods for many-body physics that can describe the spin-fluctuation mediated d-wave pairing. On the other hand, we have the dynamical mean-field theory (DMFT), [7] [8] [9] which can describe the Mott transition. To be more precise, the FLEX describes the momentum dependence of the effective pairing interaction mediated by * Present address: RIKEN Center for Emergent Matter Science (CEMS), Wako 351-0198, Japan. the antiferromagnetic spin fluctuations, which is essential for the anisotropic pairing, 6 but the method, being perturbative, cannot describe the Mott transition in the regime close to the half-filling. The DMFT, although mean-field theoretic, describes Mott's insulator in terms of the (non-perturbative) correlation effect that is local (i.e., momentum-independent) but dynamical (i.e., incorporating temporal fluctuations), and becomes exact in the limit of infinite spatial dimensions of a lattice model.
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There are many extensions of DMFT to include momentum dependence of the self-energy. [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] One is the cluster extension of DMFT, 10, 11 which is employed, e.g., for explaining the pseudogap in the cuprates as a momentum-selective Mott transition. 12, 13 However, in practice it is quite hard in this scheme to attain large cluster sizes and to incorporate spatially long-ranged components in the self-energy in a strongly correlated regime. It is also computationally very demanding to treat the dwave superconducting phase, or to extend to more complicated models such as multi-orbital systems with a large cluster size retained in the cluster DMFT.
More realistically, we have alternative and numerically feasible extensions of DMFT that combines DMFT with a certain resummation technique of nonlocal selfenergy diagrams, such as GW+(E)DMFT, 14,15 DΓA, 16, 17 and the dual-fermion approach. [18] [19] [20] These schemes can treat momentum-dependent self-energies describing nonlocal long-range correlations with some selected diagrams taken into account. This has motivated us to take the FLEX+DMFT method, 24, 25 where nonlocal FLEX diagrams are considered on top of DMFT local diagrams for the self-energy. We have opted for a method that evokes FLEX among other diagrammatic methods, since we are interested in the d-wave superconductivity mediated by antiferromagnetic fluctuations, which can be explicitly treated with FLEX.
In the present paper, we extend the FLEX+DMFT method to deal with the d-wave superconductivity in the two-dimensional repulsive Hubbard model, while a FLEX+DMFT has been applied to the normal phases of the Hubbard model in Ref. 24 . To this end, we construct the Luttinger-Ward functional for FLEX+DMFT, where double counting of local diagrams from FLEX and DMFT parts is unambiguously subtracted. Starting from the Luttinger-Ward functional formalism guarantees the conserved nature of DMFT (as well as FLEX) retained, which is not always the case with other diagrammatic extensions of DMFT. We then apply this FLEX+DMFT to the d-wave superconductivity in the two-dimensional repulsive Hubbard model to obtain the superconducting phase diagram.
We find that the FLEX+DMFT result exhibits a T cdome structure of the superconducting phase diagram against band filling, which has not been observed in FLEX alone. We identify the origin of the dome to the local vertex correction from DMFT that renders a filling dependence in the FLEX self-energy. To elaborate this point, we compare this with the GW+DMFT method, in which only bubble diagrams are used to extend DMFT in considering a nonlocal self-energy correction, whereas both bubbles and ladders are included in FLEX+DMFT. The GW+DMFT result also exhibits a T c -dome structure, but, unlike the FLEX+DMFT result, T c in GW+DMFT is always below the Néel temperature, i.e., the antiferromagnetic order dominates over d-wave superconductivity for the whole filling range. We have also obtained the single-particle spectral function with the FLEX+DMFT, which exhibits a double-peak structure above T c with a precursor of the Hubbard bands.
While the present scheme does not consider vertex corrections to the nonlocal ladder diagrams unlike the dual-fermion approach which is recently applied 26 to the superconductivity in the Hubbard model, an advantage of the present method is that we define the LuttingerWard framework, which enables us to treat the normal self-energy and the anomalous (d-wave) self-energy on an equal footing as derivatives of the same Luttinger-Ward functional.
II. FLEX+DMFT FUNCTIONAL
Let us formulate the FLEX+DMFT method by introducing a Luttinger-Ward functional Φ, 27 which basically consists of FLEX and DMFT diagrams. However, there is a double counting of local self-energy diagrams between the two contributions, which must be subtracted. We show that the double counting term is uniquely identified if one demands the conserving nature of the formalism. Namely, we regard each of DMFT and FLEX as an approximation for the exact LuttingerWard functional of the dressed Green's function G to propose a new functional, in a manner similar to the GW+(E)DMFT scheme. 14, 15 In DMFT, the approximate functional, Φ DMFT , is the sum of all types of the ring diagrams that only contain the local Green's function G loc . On the other hand, the approximate functional in FLEX, Φ FLEX , is the sum of specific (bubble and ladder) diagrams as shown in Fig. 1(a) , which basically correspond to spin and charge fluctuations. Then we can propose a functional in the FLEX+ DMFT scheme as We then obtain the self-energy in this scheme as a functional derivative,
This way we retain the conserving nature of the approximation. 28, 29 The first term in the last line of Eq. (2) is the local DMFT self-energy
is the difference between the FLEX self-energy constructed from the lattice Green's function G and that from the local Green's function G loc . Note that Σ to obtain the full self-energy, from which we construct new (full and local) Green's functions. We update each of them (Σ imp , Σ The present scheme may be viewed as a new diagrammatic extension of the DMFT that incorporates vertex corrections into the (local part of) FLEX scheme. FLEX itself, being a perturbative method, is considered to become exact in the weak-coupling limit, while DMFT becomes exact in the atomic limit. Since FLEX+DMFT formalism here incorporates the functionals that dominate in either limit, it is expected to describe spin fluctuation effects and Mott's physics simultaneously.
III. APPLICATION TO THE 2D HUBBARD MODEL
Let us apply the FLEX+DMFT method to the repulsive Hubbard model on the square lattice, with a Hamiltonian,
Here c † k,σ creates an electron in a Bloch state with wavevector k = (k x , k y ) and spin σ, U is the on-site repulsion, and n i,σ = c † i,σ c i,σ is the number operator. The twodimensional band dispersion is given as
where t, t ′ , and t ′′ represent the nearest-neighbor, secondneighbor, and third-neighbor hoppings, respectively, while µ is the chemical potential. We shall compare the case with the nearest-neighbor hopping only (t ′ /t = t ′′ /t = 0) with the case of t ′ /t = −0.20, t ′′ /t = 0.16, which are the values estimated for a typical hole-doped, single-layered cuprate, HgBa 2 CuO 4+δ with T c ≃ 90K, with first-principles methods.
31,32 Hereafter we take |t| as the unit of energy.
In the single-band Hubbard model, the FLEX selfenergy is computed as
where β is the inverse temperature, k = (ω n , k) with ω n the fermionic Matsubara frequency, G(k) is the Green's function, and
is the irreducible susceptibility. We can calculate Σ loc FLEX by replacing G with G loc in Eqs. (6) and (7) . To obtain Σ imp in the DMFT procedure, we have to solve the impurity problem in DMFT. Among various impurity solvers, here we adopt the modified iterative perturbation theory (modified IPT), where the original IPT is modified for systems without particlehole symmetry. 33 The method is not computationally demanding, which facilitates a scanning over a wide parameter region to obtain the phase diagram, and also enables us to approach a region with large antiferromagnetic fluctuations where FLEX convergence critically slows down. We have confirmed for various values of parameters that the continuous-time quantum Monte Carlo impurity solver 34, 35 implemented with the ALPS library 36, 37 gives similar values for the eigenvalue of Eliashberg's equation even away from the half-filling.
When Green's function is obtained, we plug it into the linearized Eliashberg equation,
Here ∆(k) is the anomalous self-energy, which is the gap function up to the renormalization factor, and is the effective pairing interaction (Fig. 2) , where λ is the eigenvalue for Eliashberg's equation, with superconducting transition identified as the temperature at which λ = 1. At this point we should mention about the consistency of the approximate functional form Φ FLEX+DMFT and the linearized Eliashberg equation, Eq. (8). The Luttinger-Ward functional can be extended to incorporate the anomalous part, and the extended functional Φ[G, F † , F ] is related to the anomalous self-energy through ∆ = δΦ/δF † , where F † is the anomalous Green's function, for which we should consider the local correction to the anomalous self-energy ∆ as ∆ FLEX+DMFT = ∆ FLEX + ∆ loc as in Eq. (2) for the normal self-energy. Now, our interest here is the anisotropic, d-wave pairing instability in the repulsive model, for which we can ignore the local correction to the anomalous self-energy ∆ loc which does not depend on momentum. The remaining term ∆ FLEX = δΦ FLEX [G, F † , F ]/δF † is the same as the right-hand side of the linearized Eliashberg equation (8) if we linearize the anomalous part.
38 Then our formalism treats the normal and anomalous self-energies consistently, as functional derivatives of the same LuttingerWard functional Φ FLEX+DMFT . This is an advantage of using the Luttinger-Ward functional formalism in constructing a new scheme.
IV. RESULTS
We show the superconducting phase diagram of the two-dimensional Hubbard model obtained in the FLEX+DMFT in Fig. 3 , right panels, where the FLEX result is also displayed in the left panels for comparison. We can immediately see that T c exhibits a dome structure in the FLEX+DMFT. This sharply contrasts with the FLEX result, where T c has been known to almost monotonically increase toward half-filling with some rounding off. 39 The presence of the T c dome in the FLEX+DMFT and its absence in the FLEX are seen for both the simple square lattice with t ′ = t ′′ = 0 [ Fig. 3(a) ] and the case of t ′ = −0.20, t ′′ = 0.16 [ Fig. 3(b) ]. For the simple square lattice (t ′ = t ′′ = 0), we cannot approach a region very close to half-filling because the antiferromagnetic (AF) fluctuations prevent the FLEX self-consistency loop from converging. For the same reason, it is difficult to attain convergence for systems with larger U . As a measure of the AF order, we evaluated the AF phase boundaries (dashed lines in Fig. 3 ) determined from max k [U χ 0 (k)](= 0.99 here), 40 which is usually adopted in FLEX-type schemes to take account of the effect of the quasi-two-dimensional nature (e.g., in three-dimensional layered systems), although FLEXtype approaches are known to obey the Mermin-Wagner theorem that forbids finite-temperature AF phase transitions in an isolated two-dimensional system. The estimated AF transition temperature T AF becomes higher than the superconducting T c as one approaches halffilling as shown in Fig. 3 , where the color shaded region indicates the superconducting phase with T c > T AF (i.e., superconductivity dominating antiferromagnetism). The result suggests that a part of the T c dome is taken over by the AF phase in the case of t ′ = t ′′ = 0 [ Fig. 3(a) , right] and t ′ = −0.20, t ′′ = 0.16, U = 5 [ Fig. 3(b) , right]. For a smaller U = 4, by contrast, we have an almost full T c dome with T c > T AF for t ′ = −0.20, t ′′ = 0.16 [ Fig. 3(b) , right]. These are a key result in the present work. Now let us identify the physical origin of the appearance of the T c dome in the FLEX+DMFT. In FLEX+DMFT, the self-energy is obtained from the FLEX and DMFT self-energies as (2) and (3)], i.e., a part of the local self-energy is replaced from that in FLEX with that in DMFT. Thus the quantity Σ loc FLEX − Σ imp represents the difference in the self-energy effect between FLEX and FLEX+DMFT. We can actually take a look at Σ loc FLEX and Σ imp , with fillings n = 0.7 (underdoped), 0.88 (optimally doped), and 1.0 (half-filled) in Fig. 4 [the parameters are taken to be U = 4.0, β = 20, t ′ = −0.20, t ′′ = 0.16, which corresponds to Fig. 3(b) , right panel]. We first notice that the magnitude of the DMFT self-energy Σ imp is smaller than that of FLEX Σ loc FLEX , which means that the overestimation of the selfenergy generally known to exist in FLEX is remedied in FLEX+DMFT by the DMFT (local) vertex corrections. More importantly, we can see that the difference, ImΣ loc FLEX − ImΣ imp [ Fig. 4(b) ], has a clear filling dependence, and it increases with doping. Since Σ FLEX+DMFT = Σ FLEX − (Σ loc FLEX − Σ imp ), the result indicates that the reduction of the FLEX+DMFT selfenergy due to DMFT correction is reduced as one approaches half-filling. Thus T c tends to be suppressed near half-filling as compared to that of FLEX because of the filling-dependent self-energy reduction in FLEX+DMFT. On the other hand, the pairing interaction itself arising from spin fluctuations becomes stronger toward halffilling due to better band nesting, as reflected in the FLEX result [ Fig. 3 , left panels] with T c almost monotonically increasing toward half-filling. Therefore, the FLEX+DMFT contains two factors with opposite filling dependencies, and we conclude that the T c dome in FLEX+DMFT arises from the combined effect of the nesting and filling-dependent self-energy reduction.
In the FLEX+DMFT scheme, the self-energy reduction from DMFT takes place only in the local part, while the nonlocal self-energy is still considered to be overestimated, especially for ladder diagrams. 24 To examine this effect, we compare the present method with GW+DMFT, where only the bubble diagrams are considered for the self-energy and the pairing interaction (whereas both bubbles and ladders are included in FLEX and FLEX+DMFT). We show the GW+DMFT phase diagram, along with the GW result for comparison, in Fig. 5 for t ′ = −0.20 and t ′′ = 0.16. We can see that, although the T c dome structure remains in the GW+DMFT result, T c is much reduced from the result of FLEX+DMFT. On the other hand, the AF transition temperature is much higher in GW+DMFT than that of FLEX+DMFT. This makes the region in the dome where T c > T AF [highlighted with color shadings in Fig. 5(a) ] very narrow in GW+DMFT. In fact, for t ′ = t ′′ = 0 the AF instability becomes so strong that we cannot even obtain superconducting phase boundaries for the whole region of the fillings considered.
In Fig. 5(b) , we display the GW local self-energy ImΣ loc GW as compared with the DMFT self-energy ImΣ imp for the filling n = 0.70, 0.88, 1.0 with U = 4.0 and β = 50. We can see that the filling dependence is similar to those in the FLEX+DMFT in that the difference between the two self-energies increases with the doping. Hence we can conclude that the existence of the T c dome is not an artifact in FLEX+DMFT, but is robust in both FLEX+DMFT and GW+DMFT arising due to the same local vertex correction effect. The overestimation of nonlocal self-energy thus does not affect the existence of the T c dome itself.
The reason that the magnitude of T c is much smaller in GW+DMFT than in FLEX+DMFT is because ladder diagrams describing spin fluctuations are not taken into account in GW+DMFT. In this sense, GW+DMFT is closer to the mean-field theory than FLEX+DMFT, which is also reflected in the higher AF transition temperature in GW+DMFT. Concomitantly, the pairing interaction mediated by spin fluctuations is reduced, which acts to reduce the superconducting T c in GW+DMFT rather than in FLEX+DMFT. The fact that T c is always estimated below the Néel temperature in GW+DMFT suggests that GW+DMFT underestimates the spin fluctuation effect, and is not enough to describe the d-wave superconductivity mediated by spin fluctuations. Since the overestimated nonlocal self-energy in FLEX+DMFT is remedied in GW+DMFT, the accurate estimation of the spin-fluctuation effect is expected to lie between GW+DMFT and FLEX+DMFT. To see the strength of local correlation, we measure the double occupancy,
We can see in Fig. 6 that the double occupancy becomes negative in the overdoped regime in FLEX, while this unphysical behavior is improved in FLEX+DMFT. We can regard this as another of the self-energy reduction effects: FLEX overestimates the correlation effect, while this is corrected by combining it with the DMFT. A similar tendency is observed between GW and GW+DMFT, but the difference in the double occupancy is smaller. This should be because the self-energy reduction effect is smaller [see Figs. 4(a) and 5(b)]. Let us finally examine the spectral function, which is calculated via analytical continuation with the Padé approximation. The results for FLEX+DMFT, FLEX, GW, GW+DMFT, and DMFT at various fillings are shown in Fig. 7 . We can see that the filling dependence is similar among FLEX, GW, and DMFT in that we have a single peak that slightly shifts and broadens as we approach the half-filling. By contrast, in the method that combines DMFT with either FLEX or GW, the spectral function acquires a stronger filling dependence, where a marked double peak is observed at half-filling. Similar double-peak structures have been reported in the dualfermion method 21 as an antiferromagnetic pseudogap, where the appearance of the double peak is consistent with the QMC result. Thus we can see that the interplay of the local and nonlocal long-range correlation effects in FLEX+DMFT and GW+DMFT gives the double peak, which is considered to be a precursor of the Hubbard bands with two peaks separated by about U , while the system is metallic.
If we look more closely at the momentum-resolved spectral function A(k, ω), we observe that there is a region in k space near the Fermi energy where the spectral weight becomes slightly negative. This might not be specific to the present method, since many extensions of DMFT do not guarantee positive-definite spectral weights. 20, 22 Since the magnitude of the negative part is negligibly small (< 1%) in the present case and this tends to occur in the overdoped regime, this does not affect the phase diagram and the density of states [Figs. 3 and 7] in the underdoped regime.
V. SUMMARY AND DISCUSSIONS
We have employed the FLEX+DMFT approach in terms of a new Luttinger-Ward functional to study the superconductivity in correlated electron systems. This scheme is a diagrammatic extension of the DMFT, so that it can describe the d-wave superconductivity arising from k-dependent pairing interaction. The scheme, being formulated in terms of the Luttinger-Ward functional, also has a virtue of the normal and anomalous self-energies treated on an equal footing. We have applied the FLEX+DMFT to the repulsive Hubbard model on the square lattice. We have found that FLEX+DMFT describes a T c dome structure, whose physical origin is traced back to a combination of opposite effects: The self-energy effect introduced in the FLEX+DMFT suppresses the superconductivity more strongly toward the half-filling due to the local-correlation effect, while spin fluctuations become stronger toward the half-filling due to band nesting. We also compare the FLEX+DMFT result with the GW+DMFT result, which reproduces the dome structure. This indicates that the dome is not an artifact of the overestimated nonlocal self-energy in FLEX+DMFT.
Another observation is that there is a Pomeranchuk instability into electronic states with broken tetragonal symmetry in the case of t ′ = −0.20, t ′′ = 0.16 in both FLEX+DMFT and GW+DMFT. In this case, solutions with the four-fold rotationally symmetric Fermi surface become unstable, where we end up with a solution that breaks this symmetry when we start the calculation from an asymmetric initial input. While this instability is interesting in its own right, we have concentrated on the symmetric case in this study, and leave the analysis of the Pomeranchuk instability to another publication.
In order to improve the scheme to suppress the overestimation of the nonlocal FLEX self-energy, we should consider the screening effect in the FLEX self-energy. For example, the two-particle self-consistent method 41 takes account of vertex correction effects by considering the sum rule for the susceptibility, while a similar technique is also used to reduce the overestimated spin fluctuations and their effect on the self-energy in DΓA. 17 We expect these techniques bring some improvement to the present theory.
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